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Phase signal coupling inducedn:m phase synchronization in drive-response oscillators
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We have studied phase synchronization between two identical Ro¨ssler oscillators connected in the drive-
response configuration by a single phase signal. Before the transition to phase synchronization, the distribution
of the time interval between consecutive 2p jumps shows several sharp peaks. With a strong phase signal
coupling, then:m phase synchronization between the oscillators can be achieved. For thenÞm phase syn-
chronizing state, some values of coupling strength result in a phenomenon characterized by a reduction in the
mean amplitude of the response termed amplitude reduction. In these regions, the mean rotation speed of the
response remains approximately constant while the locking ration:m varies.
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An interesting phenomenon of practical importance
coupled chaotic oscillators is the synchronizing state@1#. It
has been studied extensively in the context of laser dynam
@2#, electronic circuits@3#, chemical and biological system
@4#, and secure communication@5#. Various types of syn-
chronization including complete synchronization@6#, lag
synchronization@7#, and phase synchronization@8# have
been studied. It is shown that, for two nonidentical chao
oscillators with mutual coupling of variables, phase synch
nization ~PS! can be typically obtained. The coupling var
ables in these studied PS systems@8# are directly related to
the amplitude of the oscillators. Therefore, after PS is
tained at a certain coupling strength, a further increase in
coupling may lead to lag synchronization and complete s
chronization@7#. The amplitudes of the two PS systems s
have some correlation due to the interacting variables@9#. PS
is distinguished from complete synchronization by the
pearance of entrainment between the phases of intera
systems with less correlation in signal amplitudes@10#. PS
with a 1:1 locking ratio has been widely discussed
coupled Ro¨ssler oscillators. An interesting question is
what case can then:m PS state be observed in couple
Rössler oscillators. It has been shown that chaotic synch
nization has important uses for the application of sec
communication@5#. In this case, a unidirectional couplin
signal is required to be a transferable signal. Thus in orde
use PS for secure communication, it is important to find
fective methods to achieve PS between two unidirection
coupled drive-response oscillators.

In this paper, we introduce a method to obtain then:m PS
between two unidirectionally coupled oscillators in which
phase signal is used as the driving force. The system stu
in the paper consists of two Ro¨ssler oscillators in a drive
response configuration. Its dynamical features ofn:m PS are
discussed in detail. For the non–phase-locking case, the
tribution of the time interval between consecutive 2p jumps
shows several peaks. For then:m PS state withnÞm, the
mean amplitude of the response fluctuates substantially w
compared with that without any coupling. In a certain ran
of coupling strength, the mean amplitude could become v
small. This is referred to as the amplitude reduction pheno
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enon. At the transition for variousn:m PS states, a linea
relationship between the mean amplitude and then:m ratio is
found in the amplitude reduction region. Our simulations fu
ther show that the mean rotation speed of the response o
lator is maintained approximately constant throughout tr
sitions to variousn:m PS states. As the phenomena
amplitude death and semideath in two coupled nonlinear
cillators and their possible application in physics, chemis
medicine, and biology have been observed and studied@11#,
the investigation of amplitude reduction may also lead
potential application in those areas.

The proposed phase-driven method is first illustrated
ing two identical Ro¨ssler oscillators configured in the drive
response mode. A generaln:m PS can be found for the re
sponse oscillator driven by a single phase signal from
driver. The drive oscillator is described by the following s
of equations@12#:

ẋ152y12z1 ,

ẏ15x110.15y1 , ~1!

ż150.21z1~x1210!.

The response oscillator is governed by

ẋ252y22z21«„r 2 cos~bf1!2x2…,

ẏ25x210.15y21«„r 2 sin~bf1!2y2…, ~2!

ż250.21z2~x2210!,

wheref1 is the phase of the driver,r 2 is the amplitude of the
response system, and« is the coupling strength. The param
eter b is given byn/m, which is termed the locking ratio
The phase and the amplitude of the Ro¨ssler attractor are
respectively, defined as@13#

f i5arctanS yi

xi
D with i 51,2, ~3!

r i5~xi
21yi

2!1/2 with i 51,2. ~4!
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The n:m phase-locking condition requires

uun:m~ t !u,const, ~5!

where un:m(t)5nf1(t)2mf2(t) is the generalized phas
separation or the relative phase. Note that both the phase
the phase separation are defined on the whole real line, ra
than in the region of@0, 2p#. The locking condition specified
by Eq. ~5! is equivalent to frequency locking, i.e.,nV1

5mV2 , whereV i5^ḟ i& with i 51,2 @14#. With the mean
frequency, the mean frequency difference is defined,

DVn:m5nV12mV2 . ~6!

Equations~2! and~5! indicate that the amplitudes of the tw
oscillators are not directly correlated since the driving sig
is the phase signal of the drive oscillator.

We perform simulations withn:m52:1. That is, the fre-
quency of the response oscillator is twice the intrinsic f
quency of the drive oscillator. All simulations reported om
the first 13103 units of time. Curves of the phase separati
versus time are plotted in Fig. 1~a! for coupling strengths«
52.9, 2.7, and 2.0. The transition to 2:1 PS occurs a«
52.8960.005. This value of the coupling strength is r
ferred to as the critical coupling strength«2:1

c . The uncer-
tainty is mainly caused by the fact that in all our simulation

FIG. 1. Phase jump phenomena in a system composed of
Rössler oscillations at various coupling strengths. The phase lo
ing ratio is n:m52:1. ~a! Time evolution of the phase separatio
un:m . The inset shows a single 2p jump enlarged from the curve fo
«52.0. ~b! Probability distribution functionp( l ) of the time inter-
val l between two adjacent 2p jumps. The open triangles indicat
the distribution at«51.5. The solid squares show the distribution
«51.7. The distribution in the inner plot is for«52.8.
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the step size of the coupling strength is chosen as 0.01. W
«,«2:1

c , the phase separationu2:1 increases progressivel
by 2p jumps, as shown in the inset of Fig. 1~a!. If «
>«2:1

c , the phase separation is basically zero with a sm
high-frequency fluctuation. The corresponding mean f
quency difference is shown on theDV2:12«2:1 plane in Fig.
2. When the coupling strength increases from zero, the m
frequency difference reduces continuously. After the tran
tion point, we haveDV2:1→0.

In order to quantify the dynamics of phase separation n
and away from the PS transition in Fig. 1~a!, we compute the
probability distribution functionp( l ) of the time intervall
between two successive 2p jumps for various values of cou
pling strength. It is plotted in Fig. 1~b! for «51.5, 1.7, and
2.8. For«51.5, shown with an open triangle, there are on
two clusters for the distribution function at the time interva
of 3.1 and 6.3. Therefore, the distribution of time interva
between consecutive 2p jumps for «51.5 could be consid-
ered as having only two sharp peaks. When«51.7, the solid
squares show three main peaks of time interval at 5.9, 1
and 18.4. The difference between two adjacent peak
nearly equal to 6. However, with a further increase of co
pling strength, the bandwidth enlarges and the peak loca
becomes ambiguous. When the coupling strength is clos
the critical transition value, the statistics follow a Lorentzi
curve@13# whose distribution function is asymmetrical. Th
is shown in the inner plot of Fig. 1~b!.

A peaked distribution for the time interval between co
secutive 2p phase jumps could be found at various values
b, except forb51. When the coupling strength moves aw
from the critical value«n:m

c , the distributionp( l ) changes
from a Lorentzian curve to sharp peaks. The correspond
bandwidth narrows. Some researchers have reported tha
certain coupling strength, the phase separation increases
a nearly periodic sequence of 2p jumps @13#. However, the
phase jump phenomena observed here occur at several v
of time interval. This is due to the fact that the former P
phenomenon is caused by two nonidentical coupled osc

o
k-

t

FIG. 2. The mean amplitudêr 2& and the corresponding fre
quency differenceDV2:1 at coupling strength 0,«2:1,13. The left
vertical axis is for thê r 2&2«2:1 plane while the right one corre
sponds to theDV2:12«2:1 plane. The region wherêr 2& is close to
zero corresponds to amplitude reduction. The inner plot is an
largement of this amplitude reduction region.«2:1

c is the critical
coupling strength at the transition to PS.
4-2
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FIG. 3. ~a!–~d! The mean amplitudêr 2& and the mean frequency differenceDV vs the coupling strength« and the locking ratiosb or
1/b in the response oscillators. In~a! and ~b!, simulations are taken withb from 1 to 10 at the interval of 0.25 and« from 0 to 100 at the
interval of 1. In~c! and ~d!, simulations are taken with 1/b from 1 to 10 at the interval of 0.25 and« from 0 to 3 at the interval of 0.06.
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tors running at the same frequency while the PS studied
is based on two identical drive-response oscillators at dif
ent frequency.

When nÞm, an increase of coupling strength can cau
the mean amplitude to be reduced substantially. Howe
this amplitude reduction phenomenon occurs only in a c
tain region. A further increase of coupling strength cau
the mean amplitude to be enlarged. In order to investig
this feature in detail, we calculate the mean amplitude^r 2&
of the response oscillator. Note that the mean amplitude
the drive oscillator iŝ r 1&510.65, which is the same as th
of the response when«50.

The locking ratio remainsn:m52:1 and the simulation is
performed in the coupling range 0,«2:1,13. The corre-
sponding mean amplitudêr 2& is also plotted in Fig. 2. As
coupling strength is increased from zero, the mean amplit
rapidly shrinks. However, the mean frequency differen
DV2:1 does not decrease to zero until the coupling stren
exceeds the PS critical value, i.e.,«2:1>«2:1

c . In the phase-
locking region 2.9,«2:1,9, the mean amplitude remain
low, as shown in Fig. 2. When«2:1.9, the mean amplitude
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of the response jumps up rapidly and at last exceeds tha
the drive oscillator. Within the amplitude reduction regio
the mean amplitude rises, but at a relatively slow rate wh
compared with the rapid jump at«2:1.9. This is illustrated
by the inner plot of Fig. 2.

Amplitude reduction is a general phenomenon at vario
locking ratios exceptn:m51:1, as shown in Figs. 3~a!–3~d!.
Figures 3~a! and 3~b! show, respectively, the distribution o
the mean amplitude and the corresponding mean freque
difference forb from 1 to 10 and« from 0 to 100. When
b51, the mean amplitude of the response oscillator ne
shrinks, even at large coupling strength. For increasedb, the
region of coupling strength where amplitude reduction is o
served also enlarges. Whenb.5.5, the mean amplitude re
mains shrunk even at«5100. The corresponding mean fre
quency difference is shown in Fig. 3~b!. Note the change in
the view angle of Figs. 3~a! and 3~b!. In Fig. 3~b!, PS is
always achieved with any coupling strength whenb51.
Three distinct regions can be identified. With a small co
pling, the increase ofb causes a linear increase ofDV in the
range DV.1. This is because under a small couplin
4-3
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strength,V1'V2 . The approximately linear relationship be
tweenb andDV could be found from Eq.~6!. On the other
hand, PS is observed with a large coupling strength. Betw
these two regions, there is a non–phase-locking region w
small DV ~,0.5!. It is observed from the figure that to ge
phase locking for a largerb, a larger« is needed. Recen
investigation of PS always relates to weak coupling@8#.
However, in our study, strong coupling can also lead to
For example, when«5100, we observe from Fig. 3~a! that
^r 2&Þ^r 1&. But Fig. 3~b! shows that the mean frequenc
difference is zero in the corresponding region. Therefore,
is obtained withb from 1 to 10 when«5100.

Similar phenomena can be found when the frequency
the response oscillator is lower than that of the driver. F
ures 3~c! and 3~d! show the distribution of the mean ampl
tude and the corresponding mean frequency difference
1/b from 1 to 10 and« from 0 to 3. However, there are som
differences when compared with Figs. 3~a! and 3~b!. With
the increase of coupling strength,^r 2& jumps up from the
amplitude reduction region and its value seen in Fig. 3~c! is
always less than that of the drive oscillator. On the contra
Fig. 3~a! shows that this value is always larger than that
the driver under the same situation.

In the nonsynchronous region of Fig. 3~d!, as 1/b in-
creases, the mean frequency difference increases at«'0 and
decreases when«.0. However, in the same region of Fig
3~b!, an increase ofb results in an increase ofDV at various
«. In our simulation, PS is always found for 1/b from 1 to 10
when«.3. However, in Fig. 3~b!, this phenomenon is only
observed when«.90. In this regard, Fig. 3~d! only shows
the mean frequency difference corresponding to« from 0
to 3.

It is interesting to extract additional information about t
relationship between̂r 2& and b in the amplitude reduction
region. Further simulations are performed with the locki
ratio varied in the range 5<b ~or 1/b! <10. The obtained
data are plotted in Fig. 4~a!. All the mean amplitudes are
obtained in the PS region with coupling strengths equa
1.0«n:m

c , 1.4«n:m
c , 1.8«n:m

c , and 2.0«n:m
c , respectively. For

b.1, the four solid curves show an inversely proportion
relationship between̂r 2& andb. The change in the slope o
the curves follows the same trend for the four coupli
strengths considered. Forb,1, the dotted lines also indicat
the same inversely proportional relationship@note that in Fig.
4~a!, the horizontal coordinate is 1/b whenb,1#. However,
an increase of coupling strength results in a change of
slope of the dotted lines. When the coupling strength is
away from the PS critical value, e.g.,«n:m52.0«n:m

c and
1/b.7.5, the corresponding dotted line jumps up rapid
This indicates that̂ r 2& has jumped out of the amplitud
reduction region because of the large coupling stren
Similarly, a further increase of coupling strength forb.1
could also causêr 2& to jump out of the amplitude reductio
region ~not shown!. On the other hand, when the couplin
strength is close to the critical value, e.g., at 1.0«n:m

c and
1.4«n:m

c , the slope of the dotted lines is approximately co
stant when 5,1/b,10. The solid lines show the inverse
proportional relationship when 5,b,10.
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In the following, we investigate further the slope coef
cient of ^r 2& versusb ~or 1/b! in the amplitude reduction
region. We perform linear line fitting for the solid and dotte
lines corresponding to«n:m51.0«n:m

c in Fig. 4~a! and plot the
results in Figs. 4~b! and 4~c!, respectively. In order to show
the relationship clearly, the latter graph is plotted as 1/^r 2&
versusb. In Fig. 4~b!, an empirical formulâ r 2&5k2(1/b)
1r2 is used while it is 1/̂r 2&5k1b1r1 for Fig. 4~c!. In

FIG. 4. ~a! The mean amplitudêr 2& at various locking ratios
and coupling strengths. The left vertical coordinate is for the^r 2&-b
plane while the right one corresponds to^r 2&-1/b. ~b! The relation-
ship between̂r 2& and 1/b. ~c! The relationship between 1/^r 2& and
b at various locking ratios with«n:m51.0«n:m

c , where«n:m
c is the

coupling strength at transition for locking ration:m. The open
circles correspond to the data obtained in simulation while the li
are resulted from linear fitting.~d! The mean rotation speed^n& at
various locking ratios and coupling strengths. In~a! and ~d!, the
solid lines correspond tob.1 while the dotted lines correspond t
b,1. Whenb,1, the horizontal coordinate is written as 1/b.
4-4
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the formula,k2 andk1 are the slope coefficients whiler2

and r1 represent the intercepts. The results of line fitti
show thatk251.331022, r253.831023, k1536.5, and
r15214.9. As a result, we may assume that the relations
between̂ r 2& andb can be described by the assumed emp
cal formula. In this regard, one can find that the mean a
plitude and the locking ratio have a linear relationship wh
the locking ratio is far away fromn:m51:1 and the cou-
pling strength is near the critical value for transition to P

For a rotational movement, the speed of rotation can
defined. In particular, the mean rotation speed of the cha
response oscillator can be expressed as

^n&5^r 2&V2 . ~7!

Simulation results of the mean rotation speed versus ph
locking ratiob for the four coupling strengths studied abo
are shown in Fig. 4~d!. The solid lines correspond to th
^n&-b plane with b.1 while the dotted lines are on th
^n&-1/b plane withb,1. Forb.1, the increase ofb at first
causes a reduction of the mean rotation speed. This s
then remains almost constant even when the coup
strength varies from 1.0«n:m

c to 2.0«n:m
c . However, a smaller

b is sufficient to approach constant rotation speed when
coupling strength is close to the transition coupling. Forb
,1, an increase of 1/b from 1 to 2 causes a sharp reductio
of the mean rotation speed. A nearly constant mean rota
speed is observed in the rangeb,0.5, i.e., 1/b.2, when the
coupling is equal to«n:m

c or 1.4«n:m
c . For the couplings

«n:m51.8«n:m
c and 2.0«n:m

c , the mean rotation speed in
creases when 1/b increases from 2.

In fact, the behavior of̂n& versusb is closely related to
the behavior of̂ r 2& versusb, as governed by Eq.~7!. It is
the linear relationship between^r 2& andb that has led to the
constant mean rotation speed. For example, consideringV2
5(n/m)V15bV1 and b.5, we have 1/̂r 2&5k1b1r1.
Then Eq.~7! can be rewritten as

^n&5
bV1

k1b1r1 . ~8!

For b.5, k1b@r1. Therefore, we havê n&'V1 /k1.
Similarly, we havê n&'k2V1 for 1/b.2. When 1/b.7.5
th
v

t-
ci.
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and «n:m52.0«n:m
c , the mean rotation speed jumps up ra

idly as the mean amplitudêr 2& begins to leave the ampli
tude reduction region shown in Fig. 4~a!.

The demonstration of PS in a system driven by a sin
unidirectional phase signal is important to facilitate the a
plication of PS. This is because the amplitudes of the dr
and the response oscillators are shown to have less cor
tion with each other. Thus an increase of the coupl
strength will not drive PS to complete synchronizatio
Moreover, the proposed phase driving scheme can rea
various n:m phase-locking modes as required, and also
various styles of coupling such as two or several nonident
interacting couplings, etc. Similar to the application of co
plete synchronization achieved by using a single amplitu
signal in secure communication, the proposed scheme
facilitates the application of PS in this field. As the control
a phase signal may also result in the symbolic dynam
following a desired symbol sequence@15#, this information-
encoding method may be utilized in secure communicat
by a single unidirectional phase signal. The feature of c
stant mean rotation speed at various locking ratios may
help in information encoding. Such applications using t
phase signal as driver will be investigated in detail.

In conclusion, we have proposed a method to achieven:m
PS in which the drive-response oscillators are connected
only a single unidirectional phase signal. The amplitudes
tween the oscillators remain uncorrelated with increased c
pling strength. The time interval between consecutivep
jumps typically appears at several intervals when the c
pling strength is far from the PS transition point. The r
sponse oscillator shows amplitude reduction whennÞm.
Simulations show that the mean amplitude in the amplitu
reduction region has a linear relationship with the locki
ratio. Moreover, the mean rotation speed of the response
tractor remains constant throughout the coupling stren
near the PS transitions at various locking ratios far aw
from n:m51:1. All these features as well as the method
using a single phase signal to obtain phase locking may
utilized in communication.
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